Probing strongly coupled anisotropic plasmas from higher curvature
  gravity by Jahnke, Viktor & Misobuchi, Anderson Seigo
Probing strongly coupled anisotropic plasmas from higher
curvature gravity
Viktor Jahnke, Anderson Seigo Misobuchi
Instituto de F´ısica, Universidade de Sa˜o Paulo
05314-970 Sa˜o Paulo, Brazil
viktor.jahnke, anderson.misobuchi@usp.br
Abstract
We consider five-dimensional AdS-axion-dilaton gravity with a Gauss-Bonnet term
and use a black brane solution displaying spatial anisotropy as the gravity dual of a
strongly coupled anisotropic plasma. We compute several observables relevant to the
study of the plasma, namely, the drag force, the jet quenching parameter, the quarkonium
potential, and the thermal photon production. The effects of higher derivative corrections
and of the anisotropy are discussed and compared with previous results.
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1 Introduction
Results obtained at RHIC [1, 2] and LHC [3] suggest that the quark-gluon plasma (QGP)
produced in heavy ion collision experiments behaves as a strongly coupled system. The
AdS/CFT correspondence [4–6] has been a useful tool to understand such systems, since
the duality maps a strongly coupled problem in the gauge theory into a relatively simpler
problem in classical supergravity. There is an extensive literature regarding the applications
of AdS/CFT to the physics of the QGP; see, e.g., [7] and references therein. However, most
of these results rely on the strong assumption that Nc, the number of colors of the gauge
theory, is infinite, as well as the ’t Hooft coupling λ “ g2YMNc.
In order to describe more realistic gauge theories like QCD, it is crucial to investigate
departures from the limit Nc Ñ 8 and λ Ñ 8. In the gravity dual side, this corresponds,
respectively, to considering loop and higher curvature corrections to the supergravity action,
which is a highly non-trivial task. In type IIB superstring, for instance, the leading order
higher curvature correction arises as a term with schematic form α13R4 [8]. Whatever the
gravity dual of real world theories like QCD is, we will at some point have to deal with higher
curvature corrections to go away from the infinite ’t Hooft limit. Therefore, it is important
to obtain as much information as regards the effect of higher curvature terms as possible. A
simpler framework that allows us to study these higher curvature terms in a more tractable
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form is Lovelock gravity [9]. Lovelock theories can be thought of as a natural generalization
of the Einstein-Hilbert action, constructed in such a way that the equations of motion are still
second order in time derivatives so to avoid pathologies such as Boulware-Deser ghosts [10].
Moreover, these theories admit a large class of asymptotically AdS black brane solutions
which are particularly interesting in the context of the AdS/CFT correspondence.1 The
simplest Lovelock theory includes a quadratic curvature term and is known as Gauss-Bonnet
gravity. In view of the physics of the quark gluon plasma, a lot of attention was drawn to
Gauss-Bonnet gravity since the discovery of a violation of the KSS bound [14, 15]. Some
subsequent work regarding Gauss-Bonnet gravity in the study of the QGP includes [16–24].
Another important aspect of the QGP is that at early stages after the collision it behaves
as an anisotropic system due to the fact that the system expands mainly along the direction of
the collision. A holographic model that incorporates the anisotropy was proposed by Mateos
and Trancanelli in [25, 26] and subsequently many aspects related to it have been studied in
detail. Some of the observables that have been studied include: the drag force [27,28], the jet
quenching parameter [28–30], the quarkonium potential and screening length [20, 28, 30, 31],
the photon and dilepton production rate [32, 33], the shear viscosity over entropy density
[34, 35], the Langevin diffusion coefficients [36–38], and the addition of a chemical potential
[39, 40]; see [41] for a review of some of these computations.
In the present work, we explore the gravity solution obtained in [42] as the gravity dual of a
strongly coupled anisotropic plasma. The anisotropy is incorporated by an axion field linear in
one of the spatial directions, χ “ az, similarly to the model of Mateos and Trancanelli [25,26],
and the higher curvature correction is given by the Gauss-Bonnet term
LGB “ R2 ´ 4RmnRmn `RmnrsRmnrs. (1)
The action is given by
S “ 1
16piG
ż
d5x
?´g
«
R` 12
˜`2
´ 1
2
pBφq2 ´ e
2φ
2
pBχq2 ` ˜`
2
2
λGBLGB
ff
` SGH , (2)
where φ and χ are the dilaton and axion scalar fields, respectively, SGH is a surface term nec-
essary in order to have a well defined variational problem, ˜` is a parameter with dimension
of length which we set to 1 in the following, and λGB is the (dimensionless) Gauss-Bonnet
coupling. So we have two parameters in this model: the anisotropy parameter a and the
Gauss-Bonnet coupling λGB. It is not obvious what is the combined effect of these two ingre-
dients in the physical observables of the QGP, and our solution provides a simple framework
where this effect can be investigated. Our philosophy is to consider simplified gravity models
that, although not realistic, incorporate effects which are present in the quark gluon plasma.
The idea is not to do precise phenomenological predictions but to understand qualitatively
how different terms in the gravity theory affect the physical observables of the plasma.
One advantage of the above setup is that it allows us to obtain some results analytically,
where the limits a Ñ 0 and λGB Ñ 0 are under complete control. If a ‰ 0 and λGB “ 0,
1Recent reviews about Lovelock gravity and its applications in AdS/CFT can be found in [11–13].
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the dual field theory is known and corresponds to a deformation of the N “ 4 SYM theory
by a theta-term. On the other hand, the exact field theory dual to a Gauss-Bonnet gravity
theory is not currently known, so our approach here is “bottom-up”, where the parameter
λGB plays the role of α
1, simulating 1{?λ corrections in the dual gauge theory. At least,
we do know some aspects about the dual theory of Gauss-Bonnet gravity like, for example,
that Gauss-Bonnet gravity is dual to a CFT with two different central charges [43–45]. It
is also important to remember that, although in type IIB superstring the higher curvature
correction is not of a Gauss-Bonnet type, the Gauss-Bonnet term may still appear as the α1
correction of some other superstring theory as well.
Our aim is to study qualitatively how several observables relevant to the study of the QGP
are affected by the parameters pa, λGBq. Anticipating the results of our analysis, we found
that the effect of the Gauss-Bonnet term in the observables of the gauge theory is consistent
with our physical intuition regarding the QGP as a fluid, interpreting the results in terms
of the mean free path which is associated to the shear viscosity. Perhaps this consistency
indicates that Gauss-Bonnet plays a role in the construction of a gravity theory dual to a
realistic gauge theory like QCD.
This paper is organized as follows. In Section 2 we review the gravity solution of [42]
and some thermodynamical properties such as the temperature and entropy. In Section
3 we compute several observables relevant to study of the QGP, namely, the drag force
experienced by a heavy quark moving through the plasma, the jet quenching parameter, the
static potential between a quark-antiquark pair (quarkonium) and the photon production
rate. We summarize and discuss our results in Section 4. For completeness, the appendices
contain the derivation of the main formulas used in this work.
2 Gravity solution
In this section we summarize the gravity solution obtained in [42]. The Ansatz for the metric
and scalar fields takes the form
ds2 “ Gmndxmdxn “ 1
u2
ˆ
´F puqBpuq dt2 ` dx2 ` dy2 `Hpuq dz2 ` du
2
F puq
˙
,
χ “ az, φ “ φpuq. (3)
The axion field introduces a spatial anisotropy in the z-direction controlled by the anisotropy
parameter a. An analytical solution to the equations of motion derived from (2) can be
obtained in the limit of small anisotropy. Their expressions take the form
φpuq “ a2φ2puq `Opa4q ,
F puq “ F0puq ` a2F2puq `Opa4q ,
Bpuq “ B0
`
1` a2B2puq `Opa4q
˘
,
Hpuq “ 1` a2H2puq `Opa4q . (4)
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The leading terms F0puq and B0 are known from pure Gauss-Bonnet gravity,
F0puq “ 1
2λGB
ˆ
1´
c
1´ 4λGB
´
1´ u4
u4H
¯˙
, B0 “ 1`
?
1´ 4λGB
2
. (5)
The order Opa2q functions can be solved with the help of the auxiliary function
Upuq ”
c
1´ 4λGB
´
1´ u4
u4H
¯
, (6)
and the solution for them reads2
φ2puq “ 1
8
u2H
´
logαpuq ` U0 ´ Upuq
¯
,
F2puq “ u
4
12U20u
2
HUpuq
´
´ log
´
αpuq
αpuHq
¯
´ 6u4λGB
u4H
` 4u2λGB
u2H
` U20u2H
u2
` 6λGB ` Upuq ´ 2
¯
,
B2puq “ u
2u2H
24U20 pu2H ` u2q
´
´6u4λGB
u4H
´ 2u2λGB
u2H
` 4λGB ´ 8φ2puqu2H ´
8φ2puq
u2
´ 2Upuq ´ 2
¯
,
H2puq “ u
2
H
8U20
´
´ logαpuq ` 2λGB u2u2H
´
u2
u2H
´ 2
¯
` Upuq ´ U0
¯
, (7)
where U0 ” Up0q and
αpuq “
ˆ
2u2
?
λGB ` u2HUpuq
U0u2H
˙2?λGB `´4λGBu2H `u2H ` u2˘` u4HUpuq ` u4H˘
p2B0 ´ 4λGBq pu2H ` u2q2
. (8)
The boundary conditions were fixed such that F vanishes at the horizon u “ uH. At the
boundary u “ 0 we have
φ2,bdry “ 0, F2,bdry “ 0, B2,bdry “ 0, H2,bdry “ 0. (9)
The solution is regular everywhere and asymptotically approaches AdS5. A plot of the metric
functions is shown in Fig. 1.
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Figure 1: The metric functions at order Opa2q for λGB “ 0.2 (left) and λGB “ ´0.2 (right).
2The solution we present is written in a more compact form than in [42], but one can check that both forms
are indeed equivalent.
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Thermodynamical quantities such as temperature and entropy can be computed via stan-
dard formulas, by requiring the regularity of the (Euclideanized) metric at the horizon and
using the area law, respectively. One finds
T “aB0
¨˝
1
piuH
´
2B0 ´ 6λGB `?λGB log
´
1`2?λGB
1´2?λGB
¯
´ log
´
4B0?
1´4λGB
¯
48pip1´ 4λGBq uHa
2 `Opa4q‚˛ ,
s “ pi
4GB
3{2
0
ˆ
pi2T 3 ` 1
8
TB0a
2 `Opa4q
˙
. (10)
3 Observables in a strongly coupled anisotropic plasma
In this section we compute several observables relevant to the study of the QGP. Most part
of the analysis of our results involves a comparison with the isotropic N “ 4 SYM result,
obtained by taking a Ñ 0 and λGB Ñ 0. We limit ourselves to the comparison at the same
temperature, for simplicity, but a comparison at the same entropy density is still possible,
and it was done for the observables computed in the model of [25,26]. Some quantities were
already computed in [42], such as the shear viscosity over entropy density η{s and the electric
conductivities.
3.1 Drag force
When a heavy quark propagates through a strongly coupled plasma it loses energy due to
the interaction with the medium. One quantity related to the dissipation of energy of the
quark is the drag force. The study of drag force in a strongly coupled plasma was initiated
in [46,47] for the case of (isotropic) N “ 4 SYM and subsequently it was extended in several
ways. See, for instance [23,28,48–65]. The two computations of the drag force closely related
to the present work were done in [16, 27], corresponding to the limits λGB “ 0 and a “ 0,
respectively.
Following the standard prescription of the computation of the drag force, we consider an
external heavy quark moving through the strongly coupled plasma with constant velocity v.
Since the heavy quark loses energy due to the interaction with the plasma, an external force
is necessary to maintain the motion stationary. In the dual picture, we have a classical string
with an endpoint in the quark (at the boundary) and the other endpoint in the bulk, in a
picture usually referred to as “trailing string” [46,47]. The derivation of the general formula
is presented in Appendix A. As a result, we first need to determine a critical point uc by
solving the equation„
2Gtt
v2
`Gxx `Gzz ` pGzz ´Gxxq cosp2ϕq

u“uc
“ 0, (11)
where ϕ is the angle between the direction of motion of the quark and the z-direction. In
the following, we will be interested in the cases where the motion of the quark is parallel
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(||) and transversal (K) to the direction of anisotropy, corresponding to ϕ “ 0 and ϕ “ pi{2,
respectively. Once the critical point is determined, it is straightforward to compute the drag
force using
F
||
drag “ eφ{2Gzzv
ˇˇˇ
u“uc
, FKdrag “ eφ{2Gxxv
ˇˇˇ
u“uc
. (12)
Since we are working in the small anisotropy regime, the critical point can be written as
uc “ u0c ` a2u2c `Opa4q. (13)
For our particular background (3), the equation for the critical point (11) expanded to second
order in a becomes
B0F0 ´ v2 ` a2
`
B0B2F0 `B0F2 ´ v2 cos2 ϕH2 `B0u2cF 10
˘ ˇˇˇ
u0c
“ 0, (14)
Solving the equation order by order gives
u0c “ uH
ˆ
B20 ´ v2B0 ` v4λGB
B20
˙ 1
4
,
u2c “ ´B0B2pu0cqF0pu0cq `B0F2pu0cq ´ v
2H2pu0cq cos2 ϕ
B0F 10pu0cq
. (15)
Plugging the solution for the critical point (15) into the formulas of the drag force (12), we
obtain
F
||
drag “ vu0c2 `
a2v
2u0c2
ˆ
φ2pu0cq ´ 4u2cu0c ` 2H2pu0cq
˙
`Opa4q,
FKdrag “ vu0c2 `
a2v
2u0c2
ˆ
φ2pu0cq ´ 4u2cu0c
˙
`Opa4q. (16)
We do not report the full explicit expressions for the drag force here since they are too long
and not very illuminating. Inverting the first relation of (10), the drag force can be expressed
as a function of the temperature.3 We can then check that in the limit λGB Ñ 0 we recover
the result of [27],
F
||MT
drag “ pi
2T 2v?
1´ v2 `
a2v
`´v2 `?1´ v2 ` `v2 ` 1˘ log `?1´ v2 ` 1˘` 1˘
24 p1´ v2q3{2 ,
FKMTdrag “ pi
2T 2v?
1´ v2 `
a2v
`´v2 `?1´ v2 ` `4v2 ´ 5˘ log `?1´ v2 ` 1˘` 1˘
24 p1´ v2q3{2 , (17)
and in the limit aÑ 0 we recover the result of [16]
F GBdrag “
?
2pi2T 2vb
pv2 ´ 1q `2 pv2 ` 1qλGB ´?1´ 4λGB ´ 1˘ . (18)
3The easiest way to write the drag force in terms of the temperature is by noting that the critical point
scales as uc “ uHγ0 ` a2u3Hγ2 `Opa4q, where γ0 and γ2 are quantities that do not depend on uH.
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Of course, in the limit where both a and λGB go to zero we recover the isotropic N “ 4 SYM
result [46,47]
F isodrag “ pi
2T 2v?
1´ v2 . (19)
In the analysis of our results, it is useful to normalize the drag force by the isotropic result
(19). The normalized drag force here depends on v, λGB and a{T . The main result is shown
in Fig. 2. Our results are, as expected, a combined effect of their limiting cases [27,16]. The
effect of the Gauss-Bonnet coupling is, in general, to enhance the drag force for λGB ą 0 and
to decrease it for λGB ă 0, for both longitudinal and transversal motion. This is the same
effect observed in the case of pure Gauss-Bonnet gravity [16], but it is different from what
happens with corrections of type α13R4, where the drag force is always enhanced [64]. The
effect of the anisotropy is qualitatively the same found in [27]: for the transversal motion
the drag force can increase or decrease, while for the parallel motion the drag force increases
in general (except for sufficiently large negative values of λGB). We also plotted the drag
force as a function of the quark velocity (Fig. 3). In general, the drag is increased for larger
velocities and there is a divergence in the limit v Ñ 1, similarly to what occurred in [27].
F
||
drag{F isodrag FKdrag{F isodrag
λGB λGB
a{T a{T
Figure 2: Drag force normalized by the isotropic result as a function of pλGB, aT q. Here we
have fixed v “ 0.3. Left: Motion along the anisotropic direction. Right: Motion along the
direction transversal to the anisotropy.
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F
||
drag{F isodrag FKdrag{F isodrag
λGB λGB
v v
Figure 3: Drag force normalized by the isotropic result as a function of pλGB, vq. Here we
have fixed aT “ 0.2. Left: Motion along the anisotropic direction. Right: Motion along the
direction transversal to the anisotropy. For other values of aT the results were qualitatively
the same.
3.2 Jet quenching parameter
Results from RHIC [66–69] indicate a strong suppression of particles with high transversal
momentum pT in Au-Au collisions, but not in d-Au collisions. The explanation for this
phenomenon is that in Au-Au collisions the hot and dense quark gluon plasma is produced,
and the jets lose energy due to the interaction with this medium before hadronizing. This
energy loss effect is called “jet quenching” and can give valuable information as regards the
properties of the plasma. One important quantity related to jet quenching is the jet quenching
parameter qˆ, which quantify the change of transverse momentum of the parton per unit length
when suffering multiple scattering with the medium. The change in transverse momentum is
usually referred to as “momentum broadening”.
The jet quenching parameter has been calculated at weak coupling for several models
(see [70] for a review) and has been consistent with data [71]. However, the assumption of
weak coupling is still not well justified, since different energy scales are involved in heavy
ion collision experiments and thus a calculation at strongly coupling may be necessary. This
motivates a non-perturbative definition of the jet quenching parameter. The non-perturbative
definition of the jet quenching parameter and its first computation using holography was done
in [72–74]. After that, it was extended in several directions.4 See, for instance [78–80].
The non-perturbative definition of the jet quenching parameter qˆ was inspired by its
4There are also some attempts of non-perturbative computations of the jet quenching parameter on the
lattice (see, for instance [75–77]).
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perturbative calculation in the so called dipole approximation [81]
〈
WApCq〉 » exp „´L´`2
4
?
2
qˆ

, (20)
where WApCq is a rectangular light-like Wilson loop in the adjoint representation with sizes
L´ and `, with L´ " `. Using the holographic dictionary the jet quenching parameter is
given in terms of the on-shell Nambu-Goto action whose string worldsheet boundary coincides
with the Wilson loop5
qˆ “ 8
?
2
L´`2S
on-shell. (21)
In the case of pure (isotropic) N “ 4 SYM, the result obtained was [72–74]
qˆiso “ pi
3{2Γp34q
Γp54q
?
λT 3. (22)
Here we compute the jet quenching parameter for the anisotropic background with Gauss-
Bonnet term (3). A detailed derivation of the formula we used here is presented in Appendix
B. The parameters involved are the Gauss-Bonnet coupling λGB, the ratio of the anisotropy
parameter to temperature a{T and the angles pθ, ϕq associated with the direction of motion
of the quark and the direction of the momentum broadening, respectively.6
Our results are summarized in Fig. 4. Similarly to the drag force computation of the
previous subsection, the effect of the Gauss-Bonnet coupling is controlled by its sign: the
jet quenching parameter is increased for λGB ą 0 and decreased for λGB ă 0. The effect
of the anisotropy, in the small anisotropy limit, is to increase the jet quenching parameter
as it occurred in [28, 29, 41], with the highest increase taking place when the quark moves
in the anisotropic direction. We also verified that, for a fixed value of θ, the jet quenching
parameter is slightly larger for the momentum broadening taking place in the anisotropic
(ϕ “ pi{2) direction than in the transversal direction to the anisotropy (ϕ “ 0).
5The extra factor of 2 comes from the fact that, for large Nc, the Wilson loop in the adjoint representation
is roughly speaking the square of the Wilson loop in the fundamental representation.
6More precisely, θ is the angle between the direction of motion of the quark and the anisotropic direction.
The direction of the momentum broadening is transversal to the direction of motion of the quark and forms
an angle ϕ with the y-axis. Note that the same symbols θ and ϕ were used for other observables, but with
different meanings.
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θ
ϕ
λGB
a{T
qˆ{qˆiso qˆ{qˆiso
Figure 4: Left: Jet quenching parameter as a function of pθ, ϕq. We have set λGB “ 0.1 and
a{T “ 0.33. Right: The jet quenching parameter as a function of pλGB, aT q. We have set
θ “ ϕ “ pi{4. Both plots were normalized by the isotropic result (22).
As argued in [71], weak coupling models of jet quenching are in general lower than the
value obtained at strong coupling for N “ 4 SYM (22). If we would expect a smooth
interpolation between the weak and strong coupling values, the case λGB ă 0 would become
particularly interesting since it decreases the N “ 4 SYM result. The same decreasing effect
was also found in [82], where one considered fluctuations of the string worldsheet, and in [83],
where curvature corrections of type α13R4 in the AdS-Schwarzschild background were taken
into account.
3.3 Quarkonium static potential
Quarkonium mesons are produced in the early stages of heavy ion collisions, before the cre-
ation of the QGP. As they are much more tightly bound and smaller than ordinary ‘light’
hadrons, they can survive as bound states in the QGP at temperatures above the deconfine-
ment temperature up to some dissociation temperature. This property, together with the fact
that their interaction with the thermal medium is comparatively stronger than their inter-
action with the hadronic matter formed after hadronization, makes the quarkonium mesons
excellent probes to study the QGP formed in heavy ion collisions [84].
Here we study the static quarkonium potential in a strongly coupled plasma dual to the
gravity theory described in Section 2. In particular, we analyze how the anisotropy and
the higher derivative terms affect the potential energy and the screening length of a heavy
quark-antiquark pair. The holographic studies of this quantity were initiated in [85, 86], for
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infinitely heavy quarks in the N “ 4 SYM theory, and since then several extensions of this
work have been performed. See, for instance [19, 31, 87–96]. Higher derivative corrections to
the quarkonium potential were considered in [19,92] and the effects of anisotropy were taken
into account in [28,31].
The static quarkonium potential can be extracted from the expectation value of a Wilson
loop
lim
TÑ8 〈W pCq〉 „ e
iT pVQQ¯`2MQq, (23)
where C is a rectangular loop with time extension T and spatial extension L, VQQ¯ is the
quark-antiquark potential energy and MQ is the quark mass. The Wilson loop can be viewed
as a static quark-antiquark pair separated by a distance L. In the gravity side, the pair is
described by an open string with both endpoints attached to a D7-brane sitting at some AdS
radial position, which determines the quark mass (MQ „ 1{u). For simplicity, we will work
in the case where the D7-brane is at the boundary of AdS and, consequently, the quark is
infinitely heavy and non-dynamical.
In the large Nc and large λ limits the Wilson loop of Eq. (23) can be calculated in the
gravity side by the expression
lim
TÑ8 〈W pCq〉 “ e
iSpon-shellq , (24)
where Spon-shellq is the on-shell Nambu-Goto action of a U-shaped string whose worldsheet
boundary coincides with the curve C. The quarkonium potential is thus obtained as
VQQ¯ “ S
pon-shellq
T ´ 2MQ, (25)
where the quark mass MQ is determined by evaluating the Nambu-Goto action of a straight
string connecting the boundary to the horizon. Given the rotational symmetry in the xy-
plane, we can assume the quark-antiquark pair to lie in the xz-plane, forming an angle θ with
the z-direction. Since we want to focus on the results, we leave the details of the calculation
of VQQ¯pLq in Appendix C.
First, let us discuss some general properties of VQQ¯pLq. From Fig. 5, we see that VQQ¯
only exists up to a maximum separation length Lmax. For each value of L ď Lmax there
are two possible string configurations corresponding to the upper and lower parts of VQQ¯.
It turns out that only the lower part of VQQ¯ represents a physical solution [87]. Note that
VQQ¯ “ 0 at some point L “ Ls, usually referred to as “screening length”. Since VQQ¯
represents the difference between the energy and mass of the quarkonium, a negative value
of the potential (L ď Ls) represents a situation where the U-shaped string (bound state)
is energetically favorable over the configuration with two straight strings (unbound state).
On the other hand, when the potential is positive (L ě Ls), the opposite happens and the
unbound configuration is energetically favorable.7 Another point is that the screening of a
plasma is weaker for large Ls and stronger for small Ls. This is because Ls represents the
7However, we emphasize that the solution for VQQ¯ is not valid when L ě Ls. In this case the quark-
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separation in which the interaction between the quark and the antiquark becomes completely
screened by the medium.
0.6 0.7 0.8 0.9
- 0.2
- 0.1
0.0
0.1
0.2
V
Q
Q¯
L
Figure 5: Quark-antiquark potential VQQ¯ as a function of their separation L for different
values of the Gauss-Bonnet coupling: λGB “ ´0.1 (red, dotted), λGB “ 0 (black, solid) and
λGB “ 0.1 (blue, dashed). For all curves a{T « 0.3 and θ “ pi{4.
Fig. 5 shows that positive values of λGB decrease the screening length, while negative
values of λGB increase this quantity. This effect can be better visualized in Fig. 6 (a), where
the screening length is presented as a function of pλGB, aq. Now let us discuss the effect of the
anisotropy. First of all, Fig. 6 (b) shows that the screening length for a quarkonium oriented
along the anisotropic direction (θ “ 0) is always smaller than the corresponding quantity for a
quarkonium oriented in the transverse plane (θ “ pi{2). Second, the 2D plot of Fig. 7 reveals
that the screening length always decrease as we increase a{T , for any orientation of the pair,
at fixed λGB. These anisotropic effects are also observed in holographic calculations at strong
coupling when the anisotropy is introduced by a magnetic field [96] and at weak coupling
in calculations based on “hard-thermal-loop” resummed perturbative QCD [97]. The limit
λGB Ñ 0 of the above results agrees with the calculations of [28]. We also checked that
the limit a Ñ 0 for VQQ¯ agrees with the results of [19] when the quasi-topological coupling
constant is zero.8
antiquark interaction is completely screened by the presence of QGP between them and, as a consequence,
their separation can be increased with no additional energy cost. This implies that the potential is actually
constant for L ě Ls. The dual gravity picture can be understood as follows: as we increase the quark-antiquark
separation, the U-shaped string connecting the quarks eventually touches the horizon. At this point the string
can minimize its energy by splitting into straight strings connecting the boundary of AdS to the horizon.
8In the comparison of our results with [19], one should note that the potential of [19] is normalized with
1{ppiα1q, while our results are normalized with 1{p2piα1q.
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λGB
a{T
λGB
a{T
Ls{Liso LK{L||
(a) (b)
Figure 6: (a) Screening length LspλGB, aq normalized with respect to the isotropic result
Liso “ LspλGB “ 0, a “ 0q for θ “ 0. (b) Ratio LK{L||, where LK is the screening length
calculated at θ “ pi{2, and L|| is the screening length calculated at θ “ 0.
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0.995
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0.999
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s
a{T
Figure 7: Screening length Ls as a function of a{T for three different quarkonium orientations:
θ “ 0 (black, solid), θ “ pi{4 (purple, dashed) and θ “ pi{2 (blue, dotted). The Gauss-Bonnet
coupling is fixed λGB “ 0.
3.4 Photon production
The limited extension of the QGP created in heavy ion collisions and the weakness of the
electromagnetic interactions imply that this medium should be optically thin. Therefore, the
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photons produced in the plasma escape from it without subsequent interactions, providing
an excellent probe of the conditions of the medium. The holographic studies of this quantity
were initiated in [98] and extended in several directions, see, for instance [32, 33, 99–115]. In
this section we study how the anisotropy and higher derivative corrections affect the photon
production rate in the model described in Section 2.
Let L0 be the Lagrangian of the field theory dual to the gravity theory described by the
action (2). The photon production rate is calculated by adding a dynamical photon to L0
coupled to the electric charged matter fields, that is,
L “ L0 ` eJEMµ Aµ ´ 14FµνF
µν , (26)
where Fµν “ BµAν ´ BνAµ is the field strength associated to the photon field Aµ, e is the
electromagnetic coupling constant and JEMµ is the electromagnetic current. At leading order
in e, the number of photons emitted per unit time and unit volume is given by [116]
dΓγ
d3k
“ e
2
p2piq32|~k|Φpkq η
µνχµνpkq
ˇˇˇ
k0“|~k|
, (27)
where ηµν “ diagp´ ` ``q is the Minkowski metric, kµ “ pk0,~kq is the photon null
momentum, Φpkq is the distribution function and χµν is the spectral density. Assum-
ing thermal equilibrium, the distribution function reduces to the Bose-Einstein distribution
nBpk0q “ 1{pek0{T ´ 1q. The spectral density can be obtained as
χµνpkq “ ´2 Im GRµνpkq, (28)
where
GRµνpkq “ ´i
ż
d4x e´ik¨x Θptq〈rJEMµ pxq, JEMν p0qs〉 (29)
is the retarded correlator of two electromagnetic currents JEMµ and the above expectation
value is taken in the thermal equilibrium state. The Ward identity kµχµν “ 0 for null kµ
implies that only the transverse spectral functions contribute in the calculation of the trace
of the spectral density, that is,
ηµνχµν “
ÿ
s“1,2
µpsqp~kq νpsqp~kqχµνpkq
ˇˇˇ
k0“|~k|
. (30)
Using the above formula, the differential photon production rate can be rewritten as
dΓγ
d3k
“ e
2
p2piq32|~k|Φpkq
ÿ
s“1,2
µpsqp~kq νpsqp~kqχµνpkq
ˇˇˇ
k0“|~k|
, (31)
where µp1q and 
µ
p2q are mutually orthogonal polarization vectors that are also orthogonal to
kµ. By the SOp2q symmetry in the xy-plane of our model we can choose ~k to lie in the
xz-plane – see Fig. 8. Following [32,33], we set
~k “ k0psinϑ, 0, cosϑq . (32)
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Figure 8: Momentum ~k and polarization vectors ~p1q and ~p2q. The SOp2q rotational symmetry
in the xy-plane allows us to choose the momentum lying in the xz-plane, forming an angle ϑ
with the z-direction. Both polarization vectors are orthogonal to ~k. We chose ~p1q oriented
along the y-direction and ~p2q contained in the xz-plane.
With this choice of ~k the polarization vectors can be chosen as
~p1q “ p0, 1, 0q , ~p2q “ pcosϑ, 0,´ sinϑq . (33)
For later purposes we split the trace of the spectral density into two parts
ηµνχµν “ χp1q ` χp2q, (34)
where χpsq is proportional to the number of photons emitted with polarization ~psq. These
quantities are given by
χp1q “ µp1qνp1qχµν “ χyy
χp2q “ µp2q νp2q χµν “ cos2 ϑχxx ` sin2 ϑχzz ´ 2 cosϑ sinϑχxz . (35)
We now proceed to explain how to compute the retarded Green function of two electromag-
netic currents using holography. It turns out that the gravity theory dual to the field theory
described by the Lagrangian L is simply obtained by adding a Up1q kinetic term to the action
(2). As we are dealing with a bottom-up model, we consider a five-dimensional Up1q kinetic
term of the form,
SUp1q “ ´K
ż
d5xFmnF
mn, (36)
where Fmn “ BmAn ´ BnAm is the field strength associated to the gauge field Am pm “
0, 1, 2, 3, 4q and K is a constant.9 Let Aµ (µ “ 0, 1, 2, 3) denote the components of this gauge
9In top-down calculations, K is proportional to the number of electrically charged degrees of freedom
times the number of colors in the dual gauge theory. For instance, when photons are produced from adjoint
matter we have K9N2c [98], while for fundamental fields, K9NcNf [100, 32, 33, 114]. In bottom-up models,
this constant can be chosen freely and, since we are only interested in ratios of spectral densities (which are
proportional to K), this constant will play no role in our analysis.
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field along the gauge theory coordinates pt, ~xq and A4 “ Au denote the component along the
radial coordinate of AdS. In order to simplify our calculations, we gauge fix Au “ 0. Our
final results, however, will be written only in terms of gauge invariant quantities, in such a
way that this gauge choice will not be relevant.
Given the translation invariance of our model, we can Fourier decompose the gauge field
Aµ as
Aµpt, ~x, uq “
ż
d4k
p2piq4 e
´ik0t`i~k¨~xAµpk0,~k, uq . (37)
The equations of motion derived from (36) are given by
Bµ
`?´ggµαgνβFαβ˘ “ 0 . (38)
In terms of the gauge invariant quantities Ei “ B0Ai ´ ByAi, the above equations of motion
split into a decoupled equation for Ey,
E2y `
`
log
?´gguugyy˘1E1y ´ k2guuEy “ 0 , (39)
and a system of two coupled equations for Ex and Ez,
10
E2x `
„`
log
?´gguugxx˘1 ´ ˆloggxx
gtt
˙1 k2x
k
2 g
xx

E1x ´ k
2
guu
Ex ´
ˆ
log
gxx
gtt
˙1 kzkx
k
2 g
zzE1z “ 0 ,
E2z `
„`
log
?´gguugzz˘1 ´ ˆloggzz
gtt
˙1 k2z
k
2 g
zz

E1z ´ k
2
guu
Ez ´
ˆ
log
gzz
gtt
˙1 kzkx
k
2 g
xxE1x “ 0 ,
(40)
where the primes denote derivatives with respect to u and k
2 ” gαβkαkβ. Note that the
above equations are written in momentum space.
The action (36) can be written in terms of the gauge invariant fields Ei as
S “ ´2K
ż
dt d~x
?´gguu
k20k
2
”`´gttk20 ´ gzzk2z˘ gxxExE1x ´ k2gyyEyE1y`
` gxxgzzkxkz pExEzq1 `
`´gttk20 ´ gxxk2x˘ gzzEzE1z
ff
u“
. (41)
The retarded correlators are obtained by taking functional derivatives of the above action
with respect to the boundary values of the gauge fields Aµp0q. In the computation of χp1q and
χp2q we only need the spatial correlators GRxx, GRyy, GRzz, and GRxz “ GRzx. This correlators can
be obtained in terms of the Ei’s as
GRij “ δ
2S
δAip0qδAjp0q
“ k20 δ
2S
δE
p0q
i δE
p0q
j
, (42)
10In the derivation of the equations of motion for Ex and Ez we used the constraint g
αβkαA
1
β “ 0.
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where E
p0q
i is the boundary value of the gauge field Ei.
As the mode Ey does not couple to the other modes, the spectral density for photons
with polarization ~p1q can be obtained by applying the prescription of [117]. The retarded
correlator reads
GRyy “ k20 δ
2S
δE
p0q2
y
“ ´4K
k20
?´gguugyyE
1
ypk, uq
Eypk, uq
ˇˇˇ
uÑ0
. (43)
The corresponding spectral density is then given by
χp1q “ χyy “ ´2ImGRyy “ 8Kk20
Im
”?´gguugyyE1ypk, uq
Eypk, uq
ı
uÑ0
. (44)
The computation of χp2q is more involved, because of the coupling between Ex and Ez. We
face this problem by following the technique developed in [32] to deal with mixed operators.
First, we write a near-boundary expression for the fields Ex and Ez,
Ex “ Ep0qx ` u2Ep2qx cosϑ` u4Ep4qx `Opu6q ,
Ez “ Ep0qz ´ u2Ep2qx sinϑ` u4Ep4qz `Opu6q . (45)
The form of the second order coefficients was chosen such that the equations of motion (40)
are satisfied. The equations of motion also determine the coefficients E
p4q
x and E
p4q
z in terms
of the lower order coefficients,
Ep4qx “ a
2λGB cosϑ
96p1´B0qp1´ 4λGBq
´
3k20pB0 ´ 2λGBqEp0qx cosϑ` 8p1´ 2B0qEp2qx
¯
,
Ep4qz “ a
2
192
?
1´ 4λGB
”
3k20pλGB ´B0q
´
Ep0qx sinϑ´ Ep0qz cosϑ
¯
cosϑ´ 8B0Ep2qx sinϑ
ı
. (46)
The remaining coefficients E
p0q
x , E
p0q
z and E
p2q
x can be extracted from the numerical solution.
With the above expressions the boundary action (41) takes the form
S “
a
B0K
„
´1
2
´
Ep0qx sinϑ` Ep0qz cosϑ
¯2 ´ 4
B0k20
´
Ep0qx Ep2qx cosϑ` Ep0qz Ep2qx sinϑ
¯
.
(47)
Finally, using (28), (35), and (42) we can show that
χp2q “ 16K?
B0
Im
«
δE
p2q
x
δE
p0q
x
cosϑ´ δE
p2q
x
δE
p0q
z
sinϑ
ff
, (48)
where the functional derivatives δE
p2q
x {δEp0qx and δEp2qx {δEp0qz are calculated according to the
prescription given in [32].
The trace of the spectral density χµµ “ χp1q ` χp2q is a function of the parameters
pλGB, a, ϑ, uH, k0q. In order to study the effects of the anisotropy parameter and the Gauss-
Bonnet coupling, we computed χµµ for several values of pλGB, a, ϑq, choosing as normalization
the isotropic result
χiso “ χµµpλGB “ 0, a “ 0q. (49)
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Our comparison with the isotropic result was made at fixed temperature T0 “ 0.32.11 The
results for the ratio χµµ{χiso as a function of the dimensionless frequency w “ k0{2piT0 are
presented in Fig. 9. For an anisotropic plasma, we have χp1q ‰ χp2q. However, in our case the
smallness of the anisotropy parameter a makes these two quantities almost equal, presenting
a very similar behavior as a function of w, so we chose to plot only the total spectral density
instead of plotting the two spectral densities separately. At least, we observed that χp1q
is slightly bigger than χp2q, as was the case in [32, 33]. We also verified that our results
reproduce the calculations of [113] in the limit a Ñ 0 and that they are consistent with
anisotropic calculations of [32] in the limit λGB Ñ 0 and small values of a{T .
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Figure 9: The trace of the spectral density χµµpλGB, a, ϑq normalized with respect to the isotropic
result (49). All the spectral densities were calculated at the same temperature T0 “ 0.316698. The
colors of the curves identify the value of the λGB parameter as: red curves (λGB “ ´0.1), brown curves
(λGB “ ´0.05), black curves (λGB “ 0), purple curves (λGB “ 0.05) and blue curves (λGB “ 0.1). In
(a), the angle of emission is fixed (ϑ “ 0) and we have solid curves pa “ 0.2q, dashed curves pa “ 0.1q
and dotted curves pa “ 0q. In (b), the anisotropy is fixed (a “ 0.2) and we have solid curves pϑ “ 0q,
dot-dashed curves pϑ “ pi{4q, and dotted curves pϑ “ pi{2q.
From Fig. 9 it is clear that the effect of the Gauss-Bonnet coupling is to increase or
decrease the photon production rate, depending on whether λGB ą 0 or λGB ă 0, respectively.
The main effect of the anisotropy parameter is to increase the photon production rate. At
small frequencies, χµµ does not depend strongly on a. For generic frequencies, the χ
µ
µ is
higher for photons with longitudinal wave vectors pϑ “ 0q than for the ones with transverse
wave vectors pϑ “ pi{2q. One qualitative difference between the corrections introduced by
λGB and a is their dependence on the frequency. Looking at the curves for a “ 0 in Fig. 9,
we see that the Gauss-Bonnet correction reaches a constant value after a sufficiently large
11Doing this, one must note that the temperature T of the system is a function of pλGB, a, uHq and, conse-
quently, it changes as we vary these parameters. Therefore, we need to adjust uH in such a way that all the
spectral densities are calculated at same temperature T0, defined by T0 “ T pλGB “ 0, a “ 0, uH “ 1q.
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value of w. On the other hand, the effect of the anisotropy parameter a is enhanced as we
increase w.
It is also interesting to analyze how the anisotropy and the Gauss-Bonnet term affects
the total photon production (27), which can be expressed as
´1
4Ke2T 30
dΓγ
d cosϑ dk0
“ w
32Kpi3T 20
1
e2piw ´ 1
`
χp1q ` χp2q
˘
(50)
This quantity is shown in Fig. 10, for different values of λGB and ϑ. From Fig. 10 we see
that, for λGB ą 0, the peak in the spectrum of photons becomes higher, widens and gets
shifted to the right. For λGB ă 0, the peak becomes smaller, sharpens and gets shifted to
the left. This should be contrasted with the results of [108] for a top-down higher derivative
correction of the form α13R4, where the peak in the spectrum becomes higher, sharpens and
gets shifted to the left, approaching the weak coupling result [98], which shows a very sharp
peak at small w in the photon spectrum. Therefore, the inclusion of the α13R4 correction
(which corresponds to a finite ’t Hooft coupling correction in the gauge theory) goes into the
direction of the weak coupling results, while this does not seems to be possible in the case of
Gauss-Bonnet. However, a partial agreement between these two types of corrections is found
when λGB ă 0, where the peak in the photon spectrum sharpens and moves to the left, but it
also becomes smaller, contrary to what happens at weak coupling. We can understand this
partial agreement noting that, for λGB ă 0, the ratio η{s “ p1´ 4λGBq{p4piq increases, which
also happens with η{s when finite ’t Hooft coupling corrections were taking into account.
Since at weak coupling the shear viscosity over the entropy density ratio is proportional to
the mean free path of momentum isotropization, we can associate the approaching of the
weak coupling results (negative λGB corrections or α
1-corrections) with a larger mean free
path in both cases.
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Figure 10: Total photon production rate as a function of w “ k0{2piT0. From top to bottom,
the value of the Gauss-Bonnet coupling is identified as λGB “ 0.1 (blue), λGB “ 0.05 (purple),
λGB “ 0 (black), λGB “ ´0.05 (brown), λGB “ ´0.1 (red). We have fixed ϑ “ 0 and a “ 0.2.
The results for different angles are very similar to the plot above due to the smallness of the
anisotropy.
4 Discussion
We have studied how the anisotropy and higher curvature terms affect several observables
relevant to the study of the QGP, namely, the drag force, the jet quenching parameter,
the quarkonium static potential and the photon production rate. In the gravity side, the
anisotropy was introduced by an external source (an axion linear in the beam direction) that
keeps the system in an equilibrium anisotropic state, while the higher curvature correction
was chosen to be the Gauss-Bonnet term.
The effect of the Gauss-Bonnet term in our results are consistent with previous results
[17–19,113] and they are summarized in Table 1, where we specify if the value of the observable
increases or decreases compared to the case of isotropic N “ 4 SYM. In this table we also
present the result for the shear viscosity over entropy density obtained previously [42] and
the finite ’t Hooft corrections of type α13R4 for these observables [21–23,108].
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Table 1: Summary of the effect of the Gauss-Bonnet coupling λGB on several observables.
We also present the finite ’t Hooft corrections of type α13R4 [21–23,108]. The comparison is
taken w.r.t. the respective N “ 4 SYM result at same temperature.
η{s Drag force Jet quenching Screening length Photon production
λGB ą 0 decrease increase increase decrease increase
λGB ă 0 increase decrease decrease increase decrease
α13R4 increase increase decrease decrease increase
A possible heuristic interpretation of the increasing/decreasing in the above observables
is to correlate these results with the changes in the ratio η{s. At weak coupling, η{s is
proportional to the mean free path of momentum isotropization of the plasma (η{s „ `mfp).
Imagining a situation where the mean free path is decreasing, we should expect an external
probe to interact more with the medium, increasing the energy loss of the probe and its
probability to suffer scattering. As a result, we would obtain an increase in the drag force and
the jet quenching parameter. Moreover, a low mean free path would break the connection
between a quark-antiquark pair more easily, resulting in a low value of screening length.
Finally, a low mean free path would raise the number of collisions per time and, consequently,
the number of photons produced in these interactions would increase. Note that this situation
matches exactly the case of λGB ą 0. Of course, the opposite idea applies for λGB ă 0.
Although this reasoning seems to be consistent for the Gauss-Bonnet, it does not work when
applied to the α13R4 correction.
The effect of the anisotropy is similar to what was found previously [27–29,31,32,41]. The
photon production rate and the quarkonium dissociation length in an anisotropic plasma are
bigger than the corresponding quantities in an isotropic plasma at the same temperature.
The drag force and the jet quenching parameter in an anisotropic plasma can be bigger
or smaller than its isotropic counterparts, depending on several parameters like the quark
velocity, the direction of the quark motion, and the direction of momentum broadening.
Below we also summarize the effects of the anisotropy with a comparison between the value
of the observables along the anisotropic direction (||) and along the transverse plane (K):
• Shear viscosity: ηK ą η||,
• Drag force: FKdrag ă F ||drag,
• Jet quenching parameter: qˆK ă qˆ||,
• Screening length: LK ą L||,
• Photon production rate: χ µµ K ă χ µµ ||.
The same interpretation in terms of the mean free path for the Gauss-Bonnet term can
be applied here. Considering the mean free path in the anisotropic direction `
||
mfp and in
the transverse plane `Kmfp, we note that the mean free path of an anisotropic system in the
transverse plane is larger than the corresponding quantity in the anisotropic direction, because
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ηK ą η||. This can be associated with a smaller drag force, a smaller jet quenching parameter,
less screening (larger screening length), a smaller drag force and less photon production in
the transverse plane when compared with the corresponding quantities in the anisotropic
direction.
It would be interesting to see how these observables behave for similar models. As far
as we are aware, the only model that incorporates both the anisotropy and the higher cur-
vature correction is [118]. Possible extensions of this work include the study of how the
anisotropy and the higher derivative terms affect other observables like the imaginary part
of the quarkonium potential, the quarkonium dissociation length in a plasma wind, Langevin
diffusion coefficients, the dilepton production rate or the elliptic flow of photons and dileptons,
to name a few.
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A Drag force for a general background and arbitrary direction
In this appendix we derive a formula for the drag force. The metric background is assumed
to be of the form
ds2 “ Gttdt2 `Gxxpdx2 ` dy2q `Gzzdz2 `Guudu2. (51)
We will only assume rotational symmetry in the xy directions and consider the metric to
depend only on u. This is essentially what was done in [28], but here we consider the motion
of the quark along an arbitrary direction, as in [27].
The Nambu-Goto action for the string is given by
S “ ´ 1
2piα1
ż
dτdσ eφ{2
a´det g “ ż dτdσL, (52)
where φ “ φpuq is the dilaton field. By rotational symmetry in the xy directions we can set
y “ 0. We choose static gauge pt, uq “ pτ, σq and let us consider the motion of the quark in
the xz plane with a string embedding
xpt, uq “ pvt` ξpuqq sinϕ, zpt, uq “ pvt` ζpuqq cosϕ, (53)
where ϕ is the angle of the quark trajectory with the z axis, i.e., ϕ “ 0 corresponds to the
motion parallel with the anisotropic direction and ϕ “ pi{2 corresponds to the motion in the
transversal direction. The boundary conditions are ξpu Ñ 0q “ 0 and ζpu Ñ 0q “ 0, which
are necessary in order to reproduce the stationary motion of the quark.
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First, we need to compute the induced metric gαβ “ GµνBαxµBβxν on the string world-
sheet,
gαβ “
˜
Gtt ` v2pGzz cos2 ϕ`Gxx sin2 ϕq v
`
Gzzζ
1puq cos2 ϕ`Gxxξ1 sin2 ϕ
˘
v
`
Gzzζ
1 cos2 ϕ`Gxxξ1 sin2 ϕ
˘
Guu `Gzzζ 12 cos2 ϕ`Gxxξ12 sin2 ϕ
¸
, (54)
where the prime denotes the derivative w.r.t. u. Ignoring factors of 12piα1 , the Lagrangian
takes the form
L “ ´eφ{2 “´Gzz cos2 ϕpζ 12Gtt `Guuv2 `Gxxv2pζ 1 ´ ξ1q2 sin2 ϕq´
´Gxx sin2 ϕpGttξ12 `Guuv2q ´GttGuu
ı 1
2
. (55)
We have the associated (conserved) momentum flow
Πx “ δL
δx1 “ ´
eφGxx sinϕ
L
`
Gttξ
1 ´Gzzv2pζ 1 ´ ξ1q cos2 ϕ
˘
, (56)
Πz “ δL
δz1 “ ´
eφGzz cosϕ
L
`
Gttζ
1 `Gxxv2pζ 1 ´ ξ1q sin2 ϕ
˘
. (57)
The values of the momenta will be fixed by imposing the requirement that ξ1 and ζ 1 are both
real. To do this, we invert the above expression, writing
ξ1puq “ GzzNx
GxxNz
ζ 1puq, (58)
where we have defined the quantities
Nx “ GttΠx cscpϕq `Gxxv2pΠx sinpϕq `Πz cospϕqq, (59)
Nz “ GttΠz secpϕq `Gzzv2pΠx sinpϕq `Πz cospϕqq. (60)
Then we can use, for example, the expression for Πz to obtain ζ
1. The final expressions we
found are given by
ξ1 “ ˘
c
´ 2GuuGzz
GttGxxD
Nx, ζ
1 “ ˘
c
´2GuuGxx
GttGzzD
Nz, (61)
where
D “ 2Gtt
`
GxxΠ
2
z `GzzΠ2x
˘`GxxGzz ”Gtteφ `2Gtt ` v2pGxx `Gzzq˘` v2 `Π2x `Π2z˘ı`
`GxxGzzv2
”´
´GttpGxx ´Gzzqeφ ´Π2x `Π2z
¯
cosp2ϕq ` 2ΠxΠz sinp2ϕq
ı
. (62)
There is a sign ambiguity here, which we will fix later. The condition that ξ1 and ζ 1 are always
real can be satisfied only if D is positive for all u. But, in general, D has two zeros (turning
points). Thus, in order to satisfy the positivity condition the two zeros should coincide at
some critical point uc. Also, the numerators Nx and Nz should vanish at the same point uc,
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because otherwise ξ1 and ζ 1 would diverge. We begin the analysis finding the zeros of the
numerator. Imposing Nx and Nz to vanish at uc gives us a relation between Πx and Πz,
Πx
Πz
“ Gxx
Gzz
tanϕ
ˇˇˇ
u“uc
. (63)
Using this relation, we can find the two zeros of D at uc. This gives us two equations; the
first one is „
2Gtt
v2
`Gxx `Gzz ` pGzz ´Gxxq cosp2ϕq

u“uc
“ 0, (64)
which can be used to fix the value of the critical point uc. The second equation completely
fixes the values of Πx and Πz and gives us the drag force
Πx “ eφ{2Gxxv sinϕ
ˇˇˇ
u“uc
, Πz “ eφ{2Gzzv cosϕ
ˇˇˇ
u“uc
. (65)
We have fixed the sign of the momenta to be positive, thus ξ1 and ζ 1 are both negative, which
is consistent with the physical condition that the string “trails” behind the quark [46,47] and
not in front of it. Two special cases are obtained from (12) by setting ϕ “ 0 and ϕ “ pi{2.
This gives us the drag force parallel and transversal to the direction of motion of the quark,
respectively,
F
||
drag “ eφ{2Gzzv
ˇˇˇ
u“uc
, FKdrag “ eφ{2Gxxv
ˇˇˇ
u“uc
. (66)
B Jet quenching parameter for an arbitrary motion
In this appendix we derive a formula for qˆ considering a motion in an arbitrary direction
and generic background. The steps are basically the same of [29], but here the computation
is carried out in Einstein frame and the metric is left generic, with only a few assumptions,
which we will specify below.
We assume a five-dimensional background displaying rotational symmetry in the xy di-
rections,
ds2 “ Gttdt2 `Gxxpdx2 ` dy2q `Gzzdz2 `Guudu2. (67)
From the rotational symmetry we can choose the direction of motion within the xz-plane.
We define rotated coordinates
z “ Z cos θ ´X sin θ,
x “ Z sin θ `X cos θ,
y “ Y. (68)
The new coordinates pX,Y, Zq are obtained from the old coordinates px, y, zq by a rotation
of an angle θ around the y-axis. We choose Z to be the direction of motion of the quark.
The direction of the momentum broadening takes place in the XY -plane and it forms an
angle ϕ with the Y -axis. The prescription instructs us to consider a string with an endpoint
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moving at the speed of light along the Z direction. The other endpoint is separated by a
small distance ` along the direction of the momentum broadening. Thus we have a string
worldsheet whose boundary is a rectangular light-like Wilson loop with sizes L´ (along the
Z´ direction) and `, where L´ is assumed to be very large. Our task is to find a string
worldsheet that minimizes the Nambu-Goto action satisfying this boundary condition. We
then need to evaluate the on-shell Nambu-Goto action and expand it to second order in ` to
obtain 〈
WApCq〉 » exp „´L´`2
4
?
2
qˆ

, (69)
from which we extract the jet quenching parameter. It is convenient to work in light-cone
coordinates
t “ Z
´ ` Z?
2
, Z “ Z
´ ´ Z`?
2
. (70)
The metric in these new coordinates takes the form
GpLCqµν “
¨˚
˚˚˚˚
˝
G`` G`´ GX´ 0 0
G`´ G`` ´GX´ 0 0
GX´ ´GX´ GXX 0 0
0 0 0 Gxx 0
0 0 0 0 Guu
‹˛‹‹‹‹‚, (71)
where
G`` “ 1
2
`
Gtt `Gxx sin2 θ `Gzz cos2 θ
˘
,
G`´ “ 1
2
`
Gtt ´Gxx sin2 θ ´Gzz cos2 θ
˘
,
GX´ “ sin θ cos θ?
2
pGxx ´Gzzq,
GXX “ Gxx cos2 θ `Gzz sin2 θ. (72)
We choose the static gauge pτ, σq “ pZ´, uq. Since we are assuming L´ to be very large,
there is a translational symmetry in the Z´ direction, and we can fix the string embedding
to only depend on u,
Z` “ Z`puq, X Ñ Xpuq sinϕ, Y Ñ Y puq cosϕ. (73)
The induced metric on the string worldsheet, gαβ “ Gµν BαxµBβxν , is given by
gττ “ G``, gτσ “ sinϕGX´X 1 `G`´pZ`q1,
gσσ “ Guu ` sin2 ϕGXXX 12 ´ 2 sinϕGX´pZ`q1X 1 ` cos2 ϕGxxY 12 `G``pZ`q12, (74)
where the primes denote the derivative w.r.t. u. We can now write the Nambu-Goto action,12
S “ ´2 L
´
2piα1
ż uH
0
du eφ{2
a´det g ” L´
piα1
ż uH
0
duL, (75)
12The extra factor of 2 comes from the two branches of the string worldsheet.
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where φ “ φpuq is the dilaton scalar field and
L “´ eφ{2
”
pG`´ `G``q
´
2GX´X 1pZ`q1 sinϕ´GXXpZ`q12
¯
´G``
´
Guu `GxxY 12 cos2 ϕ
¯
`X 12 sin2 ϕ `G2X´ ´G``GXX˘ı 12 . (76)
Since the Lagrangian does not depend on Z`, X, and Y , we have three conserved quantities,
given by the canonical conjugate momenta. Up to a constant factor, they are given by
Π` “ e
φ
L pG`´ `G``qpGX´X
1 sinϕ´GXXpZ`q1q,
ΠX “ e
φ
L sinϕ
“
GX´pZ`q1pG`´ `G``q `X 1 sinϕ
`
G2X´ ´G``GXX
˘‰
,
ΠY “ ´e
φ
L G``GxxY
1 cos2 ϕ. (77)
We are interested in the limit where Π`, ΠX , and ΠY are small.13 Working in first order in
the Π`, ΠX and ΠY , we can invert the above expressions to obtain pZ`q1, X 1 and Y 1, we find
that
pZ`q1 “ c``Π` ` c`XΠX cscϕ,
X 1 “ cX`Π` cscϕ` cXXΠX csc2 ϕ,
Y 1 “ cY Y ΠY sec2 ϕ, (78)
where
c`` “ e
´φ{2Guu
`
G2X´ ´G``GXX
˘
pG`´ `G``q?´G``Guu
`
G2XX ´ 2G2X´
˘ ,
c`X “ cX` “ e
´φ{2GuuGX´?´G``Guu
`
2G2X´ ´G2XX
˘ ,
cXX “ ´ e
´φ{2GuuGXX?´G``Guu
`
G2XX ´ 2G2X´
˘ ,
cY Y “ ´ e
´φ{2Guu
Gxx
?´G``Guu . (79)
Integration of Z`1 gives zero. Integration of X 1 gives `{2. Integration of Y 1 also gives `{2.
The conclusion is that
Π` “ ` sinϕ
`şuH
0 c`Xpuq du
˘
2
``şuH
0 c`Xpuq du
˘
2 ´ `şuH0 c``puq du˘ şuH0 c`Xpuq du˘ ,
ΠX “ ` sin
2 ϕ
`şuH
0 c``puq du
˘
2
`şuH
0 c``puq du
˘ şuH
0 c`Xpuq du´ 2
`şuH
0 c`Xpuq du
˘
2
,
ΠY “ ` cos
2 ϕ
2
şuH
0 cY Y puq du
. (80)
13This is a consequence of ` be small, as explained in [29].
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The on-shell action then takes the form, up to second order in the momenta,
S “ 2i
?
λL´
4pi
ż uH
0
du
„
c``Π2` ` 1sin2 ϕcXXΠ
2
X ` 2sinϕc`XΠ`ΠX `
1
cos2 ϕ
cY Y Π
2
Y

. (81)
Using the expressions for the coefficients the action can be rewritten as
S “ 2i
?
λL´`2
16pi
´
Pˆ pθq sin2 ϕ` Qˆpθq cos2 ϕ
¯
, (82)
where
Pˆ pθq ”
şuH
0 c``puq du`şuH
0 c``puq du
˘ şuH
0 c`Xpuq du´
`şuH
0 c`Xpuq du
˘
2
,
Qˆpθq ” 1şuH
0 cY Y du
. (83)
From this we immediately extract the jet quenching parameter
qˆ “
?
2λ
pi
´
Pˆ pθq sin2 ϕ` Qˆpθq cos2 ϕ
¯
. (84)
C Quarkonium static potential in generic background
In this appendix we derive a formula for the static potential of a quark-antiquark pair (quarko-
nium).14 Let L be the separation between the quarks and assume a generic background of
the form (51). The dual picture corresponds to an U-shaped open string whose endpoints
are located at the boundary and are identified with the quarks. Our task is to find the string
worldsheet that minimizes the Nambu-Goto action (52). By rotational symmetry in the xy-
plane we can assume the pair to live in the xz-plane. Putting the center of mass of the pair
at the origin, let q be the polar radial coordinate and θ the angle between the pair and the
z direction. We fix the gauge pτ, σq “ pt, qq. In this way the string embedding has the form
Xµ “ pτ, σ sin θ, 0, σ cos θ, upσqq (85)
The induced metric on the string worldsheet is given by
gττ “ Gtt, gσσ “ Gpp `Guuu12, gτσ “ 0, (86)
where Gpp ” Gzz cos2 θ `Gxx sin2 θ and the prime denotes derivative w.r.t. σ. The Nambu-
Goto action takes the form
S “ ´ T
2piα1
ż L{2
´L{2
dσ eφ{2
b
´Gtt pGpp `Guuu12q ”
ż L{2
´L{2
dσL. (87)
14This computation is similar to what was done in [28], generalizing the prescription of [119] for an anisotropic
background.
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Since the Lagrangian L does not depend explicitly on σ, the Hamiltonian is a constant of
motion
H “ BLBσ1σ
1 ´ L “ ´ T
2piα1
eφ{2GttGppa´Gtt pGpp `Guuu12q . (88)
Evaluating the Hamiltonian at the turning point u0 ” up0q, where u1 “ 0, we find the value
of the constant to be
C “ T
2piα1 e
φ
2
a´GppGtt ˇˇˇ
u“u0
. (89)
In order to simplify the expressions, it is useful to define the auxiliary quantities
P ” eφ2 a´GppGtt , Q ” eφ2 a´GttGuu . (90)
Using (88) and(89) we can find an expression for u1,15
u1 “ ˘P
Q
a
P 2 ´ P 20
P0
, P0 ” P |u“u0 . (91)
Integrating the above expression we find that the separation between the quarks is given by
L “ ´2
ż u0
0
dσ
du
du “ 2
ż u0
0
Q
P
P0a
P 2 ´ P 20
. (92)
Before we compute the on-shell Nambu-Goto action to find the potential energy that keeps
the pair bounded, we need to take care of the ultraviolet divergence due to the infinite mass of
the quarks. The mass term corresponds to a string hanging down straight from the boundary
to the horizon. Note that in this case the string goes from 0 to uH while σ is fixed, thus it
effectively corresponds to u1 Ñ 8. Expanding the on-shell Nambu-Goto action in powers of
1{u1 for this configuration we obtain
MQ “ ´ T
2piα1
ż uH
0
duQ`O
ˆ
1
u1
˙
. (93)
Finally, computing the on-shell Nambu-Goto action for the U-shaped configuration with the
mass subtraction we obtain the static potential
VQQ¯ “ S
pon-shellq
T ´ 2MQ “ ´
1
2piα1
„
P0L` 2
ż u0
0
du
Q
P
ˆb
P 2 ´ P 20 ´ P
˙
´ 2
ż uH
u0
duQ

.
(94)
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